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EXERCISE - Il

x% x>0
ax x<0

Sol.1 f(x) = {

Ifa<0
Ifa>0

ax
X \/

Strictly monotonically
Increasing at x=0

(i) f(x)=tan=" (sin x + cos x)

Non-Monotonic

Sol.2

COSX —SsinXx
1+(sinx+ cosx)2

fi(x) =

For f(x) is a decreasing function
f(x)<0
cosx—sinx<0

1

1
ﬁcosx— \/E sinx<0

cos (XJFE] <0
4

T T 3n
— <X+ - < —
2 4 2

o 3 o
— - — <X< — = —
2 4 4 4
Iex< X
4 4

(i) f(x) = %“ ~In(1+x) D,

_ 2(1+x)—-x 1
21+x)%/2  1+x

HINTS & SOLUTIONS

2+ X—241+X

2(1+ x)3/?

W1+ x -1)2

= >0f > 1
2(1+ x)?’/2 orx

f(x) is increasing function for > —1

Sol.3 fx)=x3+(@-1)x2+2x+1
f(x) =3x2+2(a-1)x+2>0
D<O0
Aa—1)2-4(2) (3)<0
(@a-12-6<0
-J6 <a-1<.6
1-Je<a<l+. e

4 3
Sol4 (i) f(x)= XT + X _3x2+5
f(x) = x3 + x2 — 6x
= X(x? + X — 6)

=X (x+3) (x—-2)
0, 6 & 0 &

55 2
MI X € (=3,0) U (2, )
MD X € (—o0, =3) U (0, 2)

. T
(i) f(x) =sin »

. . . T
Function will be decreasing for cos M >0

' ' T
—— < —< —
2 X 2
T T T
- =< =X + =
2Nz > » 2Nz >
4n-1 1 4n+1
< — <
2 X 2
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MONOTONOCITY |

2 2

< X<
an+1 ax—1| nel

. . . L T
function will be increasing if cos X <0
T T 3n
2 X 2
3n

T T
2nt+ — < — <2nm + —
T2 % T

4n+1
2

4n+3
2

1
< =< nel
X

2 2
< X<
4n+3 4n+1

Ans.

(iii) f(x) = log,? x +loggx ~ Dy: [ x>0
2
/nx nx
w=(75) i

2Inx .l+ 1 =0
In3) x x.In3

a € (-0, -3) check for end value
a=-3f(x)=-3x2+18x—-27=—-(x-3)2=0
atx=3

a e (-0, -3)
f(x) = sin™! >— — (nX D;:x>0
X“+1
f(x) = tan~! x — /nx
f(x) = -—
) 1+x2 X
x—1-x? X% —x+1
Tox@+x?) T L x@+x?)
0
I
@)

So f(x) is decreasing in its domain

1 1

1
Greatest value f(ﬁ] =tan™! ﬁ —ﬂnﬁ
=tan'3 -3

=z l€n3 Ans
3 2 '

Inx—_—1In3
2

Sol.7 let h(x) = gof(x)
h'(x) = g'(f(x)). f(x) <0
>0 <0
h is decreasing function.

Sol.5  f(x) = (a + 2) x3— 3ax? + 9ax —1
C-1 Whena=-2
f(x) = 6x%2 — 18x — 1
When can’t be monotonic for
Cc-2 ax-2
f(x)<0
3@+2)x2—-6ax+9a<0VxeR

& D<0b2-4ac

36a2—36.3a(a+2)<0

a2—-3a2-6a<0
2a(@+3)>0
a>0 or a<-3

() PT. x<—=/n(1l-x)< ForO<x<1

1-x
f(x) =x+/n (1 -x)

1
Fg=1-15=1x <0

ForO<x<1
f(x) < f(0)
x+/mn(1-x)<0
Xx<—-/n(1-x) HP

909 = 7+ (1-x)
g(x) T
9(x) > 9(0)

g(x) >0

X
——>-in(1-
T—x n(l-x)

MoTioN
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MONOTONOCITY Page # 11
tanx, Xy 7 ® o
Sol.9 Tanx, > X for 0<x; <x,< > = x=7 i 7|/2 (IS
Letf(x) = 2%
TX
xsec? X —tanx : ;
(= X32C 28 ; : :
X : : .
o 7 6
_ o Sin2x 2
X — SinX cos X -
S ICSEERE . 2 f(1)= 5
(xcosx) (xcosx)
f(6)= 5
sin2x
Letg(x) =x— > 7
(3) - o
g'(x) =1 - cos 2x 2
=2sin’t>0
Range is ,
0001 9015 (5 10l
9(x) >9(0)
= g(x)>0 2 2
' e’ —e”
F(2)>0 Sol12 f(x)= ———
e +e*
tanx, tanx;
f(xp) > f(x;) = X, © X P.T. Injectives — One-One — Monotonic
t-1 2
tanx, X fy=y= — t= e
tanx, > X, H.P. t+1

Sol.10 Letf(x) =2 sin x + tan x — 3x
f(x) = 2cos x + sec? x — 3

_ (2cosx +1)(cosx — 1)2

0032 s

f'(x)>0
f(x) > f(0)

2 sin X + tan x > 3x H.P.

3X
— <1
2sinX +tanx

lim 3—X =0
x=0 | 2sinX + SinX

Sol.1l f(x)= /x_1 *+ J6-x; X—=1>20; 6—x>0
x>1 X<6

of x t [1, 6]

1 1
PO = o1~ 2d6-x ©

Sol.13

Fi(t) = >0 g = e

(t+1)
1) 1 g =4x e
But For [0, «)
Itis T
as xT t1

f(x) is one-one

PT.e¥+ (142 2(1+X)+ {21 0x4x2

VXxeR

e+ J14e? 2 (1+X) + 41+ (1+x)?
Let f(t) =t + {1412

We wish to prove that

f(e¥) > f(x + 1)

2t tet? 41

Zx/tz +1 B x/t2 +1

FH)=1+
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MONOTONOCITY

Sol.14

ft>0,f({t)>0

\/a2 l1-a

If t<OLett=—-a f(t)= > >0
a“+1
f'(t) >0 always
f(t) is incrasing function
We wish to Prove that
f(eX) > f(x + 1)
To Prove that
e*>(1+x) (1)

Always for all x € R

A,

—
~

so f(eX) > f(1 + x)

T
Givenf'(sinx) <0and f'(sinx) >0, & x € (OE]

g(x) =f( sin x) + f(cos x)

g'(x) = cos x f'(sin x) — sin x f'(cos x)
T

o} (Z) =0 (By observation)

g"(x) = — sin x f' (sin x) + cos? x f"(sin x) — cos x
f' (cos x) + sin?x + f” (cos x)

= cos2x f"(sin x) + sin?x f'(cos x) — sinxf'(sinx)

b
Sol.15 |fax2+; >cVvVx>0,a>0b>0

P.T. 27ab? > 4¢3
ax3+b-cx>0

f(x)=ax3—cx+b

c c
! = 2 _c= 2- - =4+ .[—
fi(x) =3ax*—c=0=x 3a:>X 3
Case-1 c<0

ax3 — cx + b wil always be positive

Casell
c>0
Wy

"~ V3a

® e )

3/2 1/2
I N - e
a (3a] ¢ (3a) .

Squaring both side

c ) c ¢V
a2 (5) + cz[gj— 2ac (Q) <b?

Puza
®
—cosxf'(cos x) 4c® <27ab® | H.P.
@
—_
® Sol.16 f(x) =sin 2x—8 (a + 1) sin x + (4a + 8a— 14) x
g"(x) >0 f(x) =2 cos 2x — 8 (a + 1)cos x + (4a2 + 8a — 14)
g'(x) M g'(x)>g'(0) =2(2cos2x—1)—-8(a+1)cosx + (4a + 8a—
g'(x) >0 = g'(x) Tincreasing 14)
© @ =4 [cos?x—2 (a+ 1)cos x + (a2 + 2a—4)]
T T T For monotonic T and no critical points
0 n n f(x) >0V x e R
4 2 D=4 (a+1)2-4(a%+2a-4)
=4a’+8a+4—-4a’-8a+16=20
- L "
decreasing in (0,2) Which is always positive.
Letcosx=vy;y e [-1, 1]
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gy)=y>-2(a+1)y+(a®+2a-4)
We have to find out those values of a for which
g(y)>)forally e (=1, 1)
(i) g-1)>08 —2 <1
g 2a

1+2@+1)+a2+2a-4>0

a?+4a-1>0

a>-2+ .5 ora<-2 .5

— <1
2a

£ > 1

2a

—2(a+1) -1
2a

a+l <-1

| —

Sol.17

_o_f5 -2 ~2+45

a € (—o, —2—\/5)

b
(i) 1-2(@+N)+a?+2a-4>0_— <1

a2_5>0 _M<_1
2
a> /5
a+l>1
a>0
%‘ Cd
-5 0 J5

Final answer a e (—0, =2—4/5 ) U (/5 , ©)

3
f(x)=%+(a+2)x2+(a—1)x+2

f(x)=ax2+2(@+2)x+(@a-1)
f'x)=2ax+2(a+2)
For point of inflection

Sol.18

Sol.19

2ax+2(a+2)=0
Negative point of inflection

(a+2j
— a <0

a+2
a

a e (0, -2) U (0, %)

If we assume

tan~1x

/n (1 +x)>
1+x

(1+x)¢n(1+x)>tan~" x
Now f(x) = (1 + x) /n (1 + x) —tan™" x

1
F(x) =ﬁ+€n(1+x)—

1+x2
_1+€n(1+x) 1o x2 S0V R
_T_Tl =0 vVXe

f(x) is increasing

f(x) > f(0)
f(x)>0| H.P.
t T
pT. X S X torx e (05)

X SIinX

TPT tan x sin x —x2>0

Let f(x) = tan x sinx — x2

f'(x) = tan x cos X + sec3x + sin x — 2x

f'(X) = cos x+C0s X sec3x+2 sinx sec2x tanx—2

COSX + -2 ; 2
( COS X J+ 2sinxsec” xtanx

Positive

Positive

f'(x)>0

f'(x) Ting

f’(x) > f(0)

f(x) >0 = f(x) increasing
H.P.

f(x) > f(0)

fx)>0

tan x sinx > x2 H.P.
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Sol.20 f'x)=e*(x+1)-1>0
f(x) T

f'(x) > f'(0)

f(x) Ting

f(x) > f(0)

(602 0]HP

Xx=1

sin? x

Sol.23 Let f(x) = x sinx —

o — o 2sinXxcosx
non monotonic at x = — 1 f'(x) = sinx + x cosx — s

Tatx=0,1 , . .
f'(X) = sin X + X c0S X — sin X cOs X

=cos X (X — sin x) + sinx

1 Let g(x) = x —sin x
Sol.21 f(x) = sinx —a sin 2x — 3 sin3x + 2ax 9

T
g(x)=1-cosx>0forx e (05]
! 1
f'(X) = cosx — 2a cos 2x —cos 3x +2a =0

\_J'_l g(x) Ting
= 4a sin’x + 2 sin 2x sin x 9(x) > g(0) =

= 4a sin?x + 4 sin®x cos X Sof(x)>0
=4 (a + cos X) sin®x
a € [1, «) It won't become negative

f(x) is increasing
Leastvalue=f(0)=0

Sof(x)>0
Greatest value = f (Ej r_1 (m—1)
= = - — == — T —
Sol.22 (i) Let f(x) = 1 + x2 — x sin X — cOS X 2 2 2 2
f'(X) = 2x — sin X — X cos X + sin x
f(xX) =x(2—cosx)>0forvx=>0 0<f(X)<l(n—1)
f(x) is increasing 2
f(x) > f(0)
1+ x?—x sinx —cos x >0 H.P.
. ey« 3 [21 _4p — b2
(i) () = sin x —sin 2x — 2x Sol.24 fx) =Fx)=3|1-Y21=9P b7 1 o5l
f'(x) = cos x — 2 cos 2x — 2 b+1
=cosx—2(2cos?x—1)-2
cos x(1— 4cosx) V21 _4b - b2
22 _ e
_ >0 <0 <0 3 {1 b+1 >0
<0
f(x) 4 21-4b-b%>0
f(x) <f(0) be[-7,3]
But
f(x)<0] H.P. forb e -7, 1] U [2, 3]
5 co-efficient of quadrate >0
(iii) Let f(x) = X oy ox+3-— (3-x) eX so f(x) is increasing at every
2 point of It's domain
fX)=x+2—-(3-x)e*+e* bel-7,-1)uU ]2, 3]
M O.I.<i> ON= - 394 - Rajeev Gandhi Nagar K ota, Ph. No. 0744-2209671, 93141-87482, 93527-21564
Nurturing potential through education | | VRSNO.0744-2439051, 07442439052, 07442439053, www.motioniitj ee.com, email-info@motioniitjee.com




| mMoNoToNoCITY |
Sol.25 (a) Let f(x) = x2— (1 +x) [/n (1 + X)]? f(x) <1 —5x
f(X)=2x=[/n (1 +x)]2=2/n (2x-4)=0 1 —x-x3<1-5x
= [x=2] X2—4x>0= x(x+2)(x-2)>0

Increasing in (2, ) » 0VU (2 -+ -+
Decreasing is (—, 2) (=2, 0) U (2,2) -2 0 2

X Sol.28 (a) f(x) = sin x — cos x is [0, 2x]
(b) f(x) = - f(x) = cos X + sinx = 0

o R
)= =0 x=1 4 4

X
Tis (1, ») ® ©) ®
dis (0, 1) — {0} | | [ [
(0) f(x) = x2 e 0 3 74—“ 2n
f(x) = 2x e X = x2 X 4
=—e*(x(x-2)) f'(x) = — sinx + cos x

® @ e
| , EJE
0 ) 4)7" 22 °

Tis (0, 2)

Sol.26

dis (—x, 0) U (2, )

@F(x)=2 X (2x-4)=0=x=2
increasing in (2,0)
decreasing in (—o, 2)

(b) f(x) = 2

X X

Xe e

=0 =x=1

increasing in (1,)

decreasingin (—w, 1)—{o}
(c)f(x)=2xe™*—x|2X =e*x (2-Xx)
increasing is (0, 2)

decreasing in (-, 0) u (2,)

) = 1
(@) F(0) = 4x - -

_a3-1 _ (2x-1)@2x H)

X

X

(21 0) (L
increasing is | ~5 U >

: — o -1 0 1
decreasing S U )

Sol.27

f(x) =—1-3x2< 0= fis an decreasing fn.
1—f(x) -3 (x) > f (1- 5x)
f(f(x)) > f(1 — 5x)

(b) g(x) =2 sinx + cos 2x [0, 2x]
g'(xX) = 2 cos x — 2 sin 2x
=2 cos X — 4 sin x cos x
=2cos x (1 -2 sin x)
cos x = 0; sinx—l
=0; =5
w= & 3¢ x= & 5%
X2 2 %' 6
@ e @ e @
I I I I I I
0 T T 5n 3n 2n
6 2 6 2
5n 3n
ingis |0=| U= =] =2
ngls{ GJU(G GJU(Z Tf}
lingis | &5 L [2E3m
ingis | 55| Y| 55
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MONOTONOCITY

Sol.29

f)=x3—x2+x+1
f'(x) = 3x2 —2x + 1

f(1) =2
f(2) =—6

D=4-12<0 Maximum at (x =1) =2
f(x)>0 Maximum (atx=—-1)=-10
f(x) willbe increasing
9(x) = f(x) 0<x<1 a?-1
3_x l1<x<? Sol.31 f(x)={T] x3+@-1)x2+2x+1
continous at x = 1, but not differentiable
case-1I
a=1
g(x) f(x) =2x+1
which is always increasing
2T i) > case-1I
1 a=-1
f(x)=—2x2+2x + 1
T T T > X which is no-monotonic
- ° 1 2 Case-III
az-—1
fx)=@-1)x2+2@-1)x+2
D<O
4(@a-1)2-42(@-1)<0
@a-1(@+3)>0
S0l.30 (a) f(x) =12 x#3 — 6 x13x € [-1, 1] a>l,a<-3
check fora=-3
f'(x) = 12 x % x13 g x23 f'(x) =8x2—8x+2=2 (4x2—4x + 1)
_ 13 -2/3 =2(2x-17>0
=16 x7-2x So final answer a e (-, 3] U [1, «)
8x-1 1
=2 {XZT} =0=""% S01.32 f(x) =x3+ (22 +3)x2 +3 (2a+ 1) X + 5
f(-1) =12 + 6 = 18 — Greatest value f)=3x*+2(2a+3)x+3(2a+1)
f(1)=12-6=6 D<0
4(2a+3)2-49(2a+1)<0
1 13)4/3 131/3 4a2-6a<0
(8)-(2)-o )
3
12 6 3 9 0<a<y
“16 "2 12 -3=- 2 — least value.
Check fora=0
(b) f(x) = x5 —5x* +5x3 + 1 f0 = B+ 6x+ 323 02 + 20+ 1)
f'(x) = 5x*-2ax3+ 15 x2 [-1, 2]
f'(x) = 5x2 (x2 — 4x + 3) =3(x+1)2>0
=5x%(x—1) (x—3) 3
Critical points x =0, 1, 3 Check fora = 2
f(O)_=_110 f(X) =3x2+12x + 12 3 (X2 + 4x + 4)
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MONOTONOCITY | Page # 17

=3(x+22>0
; —
So final answer a e [OE} 1 0
2
a>0
1 (t-1
S01.33 19 = | #”(3)‘“ Dy check fora =0
X gt)=2t2 +t
2 P s
, i /n X - x
=732 32 (x-1 || =0 Final answer
2
=Dx+D7 x2 -9 2 |
32 Sol.35 f(x):—|X+3 —X+X_1|
x=1)(x+1)2=32= x=3
@ @
T T f(x) f(x)
1 3
s (3, )
{is(1,3)
Sol.34 f(x) =2eX—ae*+(2a+1)x—-3
f(x) =2eX+ae™+ (2a+1) x=-3 (5/3,0)

0 x=1 X
e (2e*(2a+1) e +a) : /\
L i
/ \ ﬂ\_E

D<O eX=t=1te (0, x)
(2a+1)2-8a<0 gt)=2t2+(2a+1)t+a (@) Range y € (—x, 0]
(2a-1)2<0 g(0)>0=a>0
aed D>0= (2a-1)2>0 N (lSJ . (5 j
b) Tis|+5 | andVis(—wo, 1)U | 5:® | —{-3
—b 2a+1
No Solution — <0=- <0 5
2a 4 (c)x=—
3
1 .
a+§>0 (d) Removable discont. atx =—3
5
X_i
/ 1
\ ey=-| x-1
/|
N~
3 -2
'=—-3 2| = ==2
a>—% y (x=1) (x—l)z)(:O
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So0l.36 Let f(x) = x2—1—2x /nx y

f(x)=2x—-2/nx—-2 Sol.38 Letf(x)=/n (1 +Xx) - Tix D;:x e (-1, )

) 2 x—1

f(x):2—;22 x| >0for x>1 . 1 (1+X) = X X

X)= — — 2 = 2
1 1

f'(X)T 1+ X 1+x) (1+x)

f(x)>f(1) 0 ®

f(x) > 0 = f(x) is Ting X I I

f(x) > f(1) -1 0

f(x) > 0 H.P. f(x)=f(0) Vx e (=1, )

Let g(x) = 2x /nx —4x (x — 1) + 2 /nx f(x)=0 V X e (-1, ©)

2
gx)=2/mx—-2-4(2x—-1) + X

”n — 2 i
g'0x)= - -8-

fx)>0  Vxe(=1,0)uU(0, %)

Sol.39 (a-x)®+(b-x)2 x<a
(x—a)P+(x-b)® x>b
(x—a)®—(x-b)® a<x<b
P(x)=3 (x—a)2 —3 (x—b)2=0

—8x2+2x-2 (x—a)* = (x + b)?
= x—2 always +ve X — a=X-—Dbnon sense
_ _a+b
g(x) Ting = g(x)>g(1)
') > 0 o ; a+b a+b 3 a+b 3
g'(x) = g(x) is increasing il =1 = ( —a] _ ( _bj
g >g(1) = g()>0 2 2 2
H.P.
_b-a (a-b)
Sol.37 f(x) = tan®x + 6 In sec x + 2 cos x + 4 — 6 sec X 8 8
do upto f'(x)
_2b-af _(b-a
8 4
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